We propose and analyze a multi-functional setup consisting of high finesse optical cavities, beam splitters, and phase shifters. The basic scheme projects arbitrary photonic two-mode input states onto the subspace spanned by the product of Fock states |n |n with n = 0, 1, 2, . . .. This protocol does not only provide the possibility to conditionally generate highly entangled photon number states as resource for quantum information protocols but also allows one to test and hence purify this type of quantum states in a communication scenario, which is of great practical importance. The scheme is especially attractive as a generalization to many modes allows for distribution and purification of entanglement in networks. In an alternative working mode, the setup allows of quantum non demolition number resolved photodetection in the optical domain.
I. INTRODUCTION
Light plays an essential role in quantum communication and is indispensable in most practical applications, for example quantum cryptography. Photons are attractive carriers of quantum information because the interactions of light with the surroundings are normally weak, but for the same reason it is generally difficult to prepare, manipulate, and measure quantum states of light in a nondestructive way. Repeated interactions provide a method to increase the effective coupling strength between light and matter, and the backreflection of light in a cavity thus constitutes an interesting tool, in particular, because experiments are currently moving into the strong coupling regime [1] [2] [3] [4] , where coherent dynamics takes place on a faster time scale than dissipative dynamics.
In this paper we propose a versatile setup consisting of an array of cavities and passive optical elements (beam splitters and phase shifters), which allows for quantum state engineering, quantum state purification, and nondestructive number resolving photon detection. The setup builds on two basic ingredients: The Hong-OuMandel interference effect [5] generalized to input pulses containing an arbitrary number of photons and the possibility of projection onto the subspace of even or the subspace of odd photon-number states by use of cavity quantum electrodynamics in the strong coupling regime.
Regarding quantum state engineering, the basic setup provides a possibility to conditionally generate photonnumber correlated states. More specifically, the setup allows us to project an arbitrary photonic two-mode input state onto the subspace spanned by the state vectors |n |n with n = 0, 1, 2, . . .. We denote this subspace by S. The scheme is probabilistic as it is conditioned on a specific measurement outcome. The success probability equals the norm of the projection of the input state onto S and is thus unity if the input state already lies in S.
In other words, the setup may be viewed as a filter [6] , which removes all undesired components of the quantum state but leaves the desired components unchanged. We may, for example, use two independent coherent states as input and obtain a photon-number correlated state as output.
Photon-number correlated states, for example Einstein-Podolsky-Rosen (EPR) entangled states [7] , are an important resource for quantum teleportation [8] [9] [10] [11] [12] , entanglement swapping [13] [14] [15] , quantum key distribution [16, 17] , and Bell tests [18, 19] . In practice, however, the applicability of these states is hampered by noise effects such as photon losses. Real-world applications require therefore entanglement purification. The proposed setup is very attractive for detection of losses and can in particular be used to purify photon-number entangled states on site. If a photon-number correlated state, for example an EPR state, is used as input, the desired state passes the setup with a certificate, while states which suffered from photon losses are detected and can be rejected.
Photon losses are an especially serious problem in quantum communication over long distances. It is not only a very common source of decoherence which is hard to avoid, but also typically hard to overcome. The onsite purification protocol mentioned above can easily be adopted to a communication scenario such that it allows for the purification of a photon-number correlated state after transmission to two distant parties.
Purification of two mode entangled states has been shown experimentally for qubits [20, 21] and in the continuous variable (CV) regime [22, 23] . (CV-entanglement purification is especially challenging [24] [25] [26] . Nevertheless, several proposals have been made to accomplish this task [27] [28] [29] [30] [31] [32] , and very recently Takahashi et al. succeeded in an experimental demonstration [33] .) A special advantage of our scheme lies in the fact that it does not only allow for detection of arbitrary photon losses, but is also applicable to many modes such that entanglement can be distributed and purified in a network.
With a small modification, the basic setup can be used for number resolved photon detection. The ability to detect photons in a number resolved fashion is highly desirable in the fields of quantum computing and quantum communication. For example, linear optics quantum computation relies crucially on photon number resolving detectors [34] [35] [36] . Moreover, the possibility to distinguish different photon-number states allows for conditional state preparation of nonclassical quantum states [37] [38] [39] , and plays a role in Bell experiments [40] and the security in quantum cryptographic schemes [41, 42] . Other applications include interferometry [43] and the characterization of quantum light sources [44, 45] .
Existing technologies for photon counting [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] such as avalanche photodiodes, cryogenic devices, and quantum dots typically have scalability problems and cannot reliably distinguish high photon numbers, destroy the quantum state of light in the detection process, or do not work for optical photons. Here, we present a nondestructive number resolving photo detection scheme in the optical regime. This quantum-non-demolition measurement of the photon number allows for subsequent use of the measured quantum state of light. An advantage of the counting device put forward in this work compared to other theoretical proposals for QND measurements of photon numbers [60] [61] [62] [63] [64] [65] is the ability to detect arbitrarily high photon numbers with arbitrary resolution. The scheme is based on testing successively all possible prime factors and powers of primes and the resources needed therefore scale moderately with (width and mean of the) photon number distribution. In particular, a very precise photon number measurement can be made even for very high photon numbers by testing only few factors if the approximate photon number is known.
The paper is structured as follows. We start with a brief overview of the main results in Sec. II. In Sec. III, we explain how the conditional projection onto S can be achieved and discuss some properties of the proposed setup in the ideal limit, where the atom-cavity coupling is infinitely strong and the input pulses are infinitely long. In Sec. IV, we show that a modified version of the setup can act as a non-destructive photon number resolving detector, and in Sec. V, we investigate the possibility to use the setup to detect, and thereby filter out, losses. In Sec. VI, we consider the significance of finite input pulse length and finite coupling strength, and we obtain a simple analytical expression for the optimal choice of input mode function for coherent state input fields. Section VII concludes the paper.
II. OVERVIEW AND MAIN RESULTS
The most important ingredient of the proposed setup is the possibility to use the internal state of a single atom to control whether the phase of a light field is changed by π or not [66] . The basic mechanism, which is explained in
(Color online) A single atom with level structure as shown in (a) is placed in a cavity in the strong coupling regime. The light field, which is on resonance with the cavity, couples the ground state level |↑ resonantly to the excited state |e , and the state |e decays to the state |↑ through spontaneous emission at a rate Γ. (b) If the atom is in the state |↓ , the incident field is not affected by the presence of the atom, and for a sufficiently slowly varying input pulse, the interaction with the resonant cavity changes the phase of the light field by π. (c) If the atom is initially in the state |↑ , the possibility of spontaneous emission prevents the light field from building up inside the cavity (provided the photon flux of the input beam is not too high), and the incoming field is reflected from the input mirror without acquiring a phase shift. This transformation is insensitive to the precise values of g, Γ, and the cavity decay rate as long as the system is in the strong coupling and weak driving regime. Fig. 1 , has several possible applications, including preparation of superpositions of coherent states [67] , continuous two-qubit parity measurements in a cavity quantum electrodynamics network [68] , and low energy switches [69] . Concerning the experimental realization, basic ingredients of the scheme such as trapping of a single atom in a strongly coupled cavity and preparing of the initial atomic state have been demonstrated experimentally in [70] , where the decrease in cavity field intensity for an atom in the state |↑ compared to the case of an atom in the state |↓ is used to subsequently measure the state of the atom. State preparation and readout for a single atom in a cavity have also been demonstrated in [71] . Another promising candidate for an experimental realization is circuit quantum electrodynamics. See, for instance, [72] for a review. The generation of quantum superposition states can be achieved as follows. The atom is initially prepared in the state (|↑ + |↓ )/ √ 2, and the input field is chosen to be a coherent state |α . After the interaction, the combined state of the atom and the light field is proportional to |α |↑ + | − α |↓ ∝ (|α + | − α )(|↑ + |↓ ) + (|α − | − α )(|↑ − |↓ ), and a measurement of the atomic state in the basis |± = (|↑ ± |↓ )/ √ 2 projects the state of the light field onto the even |α + |− α or the odd |α − |− α superposition state. More generally, the input state n c n |n , where |n is an n-photon Fock state, is transformed into the output state n (1/2 ± (−1) n /2)c n |n , i.e., the input state is conditionally projected onto either the subspace spanned by all even photon-number states or the subspace spanned by all odd photon-number states without destroying the state.
With this tool at hand, we can project an arbitrary two-mode input state onto the subspace S = span(|n |n ), n = 0, 1, 2, . . .. If two modes interfere at a 50:50 beam splitter, a state of form |n |n is transformed into a superposition of products of even photon-number states. If we apply a 50:50 beam splitter operation to the input state, project both of the resulting modes conditionally on the subspace of even photon-number states, and apply a second 50:50 beam splitter operation, the input state is thus unchanged if it already lies in S, but most other states will not pass the measurement test. To remove the final unwanted components, we apply opposite phase shifts to the two modes (which again leaves |n |n unchanged) and repeat the procedure (as shown in Fig. 2 ). For an appropriate choice of phase shifts, the desired state is obtained after infinitely many repetitions. In practice, however, a quite small number is typically sufficient. If, for instance, the input state is a product of two coherent states |α |α with |α| 2 = 4, the fidelity of the projection is 0.573 for one unit, 0.962 for two units, and 0.999998 for three units. The scheme is easily generalized to an M mode input state. In this case, we first project modes 1 and 2 on S, modes 3 and 4 on S, etc, and then project modes 2 and 3 on S, modes 4 and 5 on S, etc.
The setup can also be used as a device for photon number resolving measurements if the phases applied between the light-cavity interactions are chosen according to the new task. Each photon-number state |n sent through the array leads to a characteristic pattern of atomic states. As explained in section IV A, one can determine the photon number of an unknown state by testing the prime factors and powers of primes in the range of interest in subsequent parts of the array. The scheme scales thereby moderately in the resources. Three cavity pairs suffice for example for detecting any state which is not a multiple of three with a probability of 93.75%. However, in this basic version of the counting scheme, the tested photon state may leave each port of the last beam splitter with equal probability. Deterministic emission of the unchanged quantum state of light into a single spatial mode is rendered possible if we allow atoms in different cavities to be entangled before the interaction with the field (see section IV B). More generally, the proposed scheme allows to determine the difference in photon numbers of two input beams without changing the photonic state.
The correlations in photon number between the two modes of states in S facilitate an interesting possibility to detect photon losses. To this end the state is projected onto S a second time. If photon loss has occurred, the state is most likely orthogonal to S, in which case we obtain a measurement outcome, which is not the one we require in order to accept the projection as successful. On the other hand, if photon loss has not occurred, we are sure to get the desired measurement outcome. We note that loss of a single photon can always be detected by this method, and the state can thus be conditionally recovered with almost perfect fidelity if the loss is sufficiently small. We can improve the robustness even further, if we use an M -mode state. It is then possible to detect all losses of up to M − 1 photons, and even though it is M times more likely to lose one photon, the probability to lose one photon from each mode is approximately (M p)
M , where p is the probability to lose one photon from one mode and we assume M p ≪ 1. In a situation where many photon losses are to be expected, this procedure allows one to obtain photon-number correlated states with high fidelity, although with small probability.
We can also distribute the modes of a photon-number correlated state to distant parties, while still checking for loss, provided we send at least two modes to each party. As the proposed scheme can be used as a filter prior to the actual protocol it has an important advantage compared to postselective schemes. If the tested entangled state is for example intended to be used for teleportation, the state to be teleported is not destroyed in the course of testing the photon-number correlated resource state.
The dynamics in Fig. 1 requires strong coupling, a sufficiently slowly varying mode function of the input field, and a sufficiently low flux of photons. To quantify these requirements, we provide a full multi-mode description of the interaction of the light with the cavity for the case of a coherent state input field in the last part of the paper. We find that the single atom cooperativity parameter should be much larger than unity, the mode function of the input field should be long compared to the inverse of the decay rate of the cavity, and the flux of photons in the input beam should not significantly exceed the rate of spontaneous emission events from an atom having an average probability of one half to be in the excited state. We also derive the optimal shape of the mode function of the input field (Eq. (27) ), when the mode function is only allowed to be nonzero in a finite time interval.
III. NONDESTRUCTIVE PROJECTION ONTO PHOTON-NUMBER CORRELATED STATES
The proposed setup for projection of an arbitrary twomode input state onto S is sketched in Fig. 2 . We denote the field annihilation operators of the two input modes byâ andb, respectively. The total transformation corresponding to one of the units consisting of a beam splitter, a set of cavities, and a second beam splitter, conditioned on both atoms being measured in the state |+ after the interaction, is given by the operator U † P U , where
and
As explained above, the Hong-Ou-Mandel effect ensures that U † P U |n |n = |n |n , while most other possible
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FIG. 2: (Color online)
The first three units of the proposed setup to conditionally project an arbitrary two-mode input state onto the subspace spanned by the state vectors |n |n , n = 0, 1, 2, . . .. All atoms are prepared in the state (|↑ + |↓ )/ √ 2 before the interaction with the field, and the desired projection occurs in the limit of infinitely many units conditioned on all atoms being in the state (|↑ + |↓ )/ √ 2 after the interaction. As explained in the text, a small number of units will typically suffice in practice. For later reference we label the beam splitters as BSi and the cavities as Ci.
components of the input state are removed through the conditioning, for instance all components |n |m with n + m odd. There are, however, a few exceptions, since all states of the form U † |2n |2m , n = 0, 1, 2, . . ., m = 0, 1, 2, . . ., are accepted. The phase shifts between the U † P U units are represented by the operator
which leaves states of the form |n |n unchanged, while states of the form |n |m with n = m acquire a phase shift. For a setup containing N +1 units, the complete conditional transformation is thus represented by the operator
where U † P U in the last line commutes with the product of cosines. For N → ∞, the product of cosines vanishes for all components of the input state with different numbers of photons in the two modes if, for instance, all the φ i 's are chosen as an irrational number times π. We note that even though we here apply the two-mode operators one after the other to the input state corresponding to successive interactions of the light with the different components of the setup, the result is exactly the same if the input pulses are longer than the distance between the components such that different parts of the pulses interact with different components at the same time. The only important point is that the state of the atoms is not measured before the interaction with the light field is completed. The setup using an array of cavities as in Fig. 2 may thus be very compact even though the pulses are required to be long. (Note that it would also be possible to use a single pair of cavities and atoms repeatedly in a fold-on type of experiment; however in that case the compactness would be lost due to the need for long delay lines necessary to measure and re-prepare the atoms before they are reused.)
A natural question is how one should optimally choose the angles φ i to approximately achieve the projection with a small number of units. To this end we define the fidelity of the projection
as the overlap between the unnormalized output state |ψ N =Ô N |ψ in after N + 1 units and the projection |ψ ∞ of the input state |ψ in onto the subspace S. The last equality follows from the fact that |ψ N = |ψ ∞ + |ψ ⊥ , where |ψ ⊥ lies in the orthogonal complement of S. Maximizing F N for a given |ψ in = n m c nm |n |m thus corresponds to minimizing
i.e., we would like to find the optimal solution of
A set of solutions valid for any input state can be obtained by requiring sin[2φ j (n − m)] i =j cos 2 [φ i (n − m)] = 0 for all even values of n − m (note that U † P U |n |m = 0 for n + m odd). Within this set the optimal solution is φ j = 2 −j × π/2. It is interesting to note that choosing one of the angles to be 2 −j × π/2, j ∈ {1, 2, . . . , N }, all terms with n − m = 2 j × (±1, ±3, ±5, . . .) are removed from the input state according to (5) . When all angles are chosen according to φ j = 2 −j × π/2, it follows that |ψ N only contains terms with n − m = q2 (N +1) , q = 0, ±1, ±2, . . ., which may be a useful property in practical applications of the scheme. Even though this is not necessarily optimal with respect to maximizing F for a particular choice of input state, we thus use the angles φ j = 2 −j × π/2 in the following, except for one important point: If the input state satisfies the symmetry relations c nm = c mn , it turns out that the operator U † P U by itself removes all terms with n − m = ±2, ±6, ±10, . . ., i.e., we can choose the angles as φ j = 2 −j × π/4, and |ψ N only contains terms with n − m = q2 (N +2) , q = 0, ±1, ±2, . . .. For N = 2, for instance, only terms with n − m = 0, ±16, ±32, . . . contribute.
In Fig. 3 , we have chosen the input state to be a product of two coherent states with amplitude α and plotted the fidelity (6) as a function of |α| 2 for different numbers of units of the setup. Even for |α| 2 as large as 10, the fidelity is still as high as 0.9961 for N = 2, and the required number of units is thus quite small in practice. The figure also shows the success probability
for N → ∞. For |α| 2 = 10, for instance, one should repeat the experiment about 11 times on average before the desired measurement outcome is observed.
IV. PHOTON NUMBER RESOLVING MEASUREMENT
In this section, we show how a photon number measurement can be implemented using a modified version of the setup introduced in the previous section. The key idea is explained in subsection IV A where we describe the basic photo-counting scheme. In subsection IV B, this protocol is extended to allow for a QND measurement of photon numbers. (6)) as a function of the expectation value of the number of photons in one of the input modes for |ψin = |α |α and setups with one, two, three, and infinitely many units. The angles are chosen as φj = 2 −j ×π/4. The dotted line labeled P∞ is the probability in the limit of infinitely many units to actually obtain the required measurement outcome, i.e., all atoms in (|↑ + |↓ )/ √ 2 after the interaction with the field.
A. Number resolving detection scheme
In the following, we analyze the setup shown in Fig. 2 when the input is a product of an n-photon Fock state in the lower input beam and a vacuum state in the upper input beam. Since the setup contains a series of beam splitters, it will be useful to defineÂ = (â
As before, all atoms are initially prepared in the state |+ and will after the interaction with the field be measured in the |± basis. When we start with an n photon state, there are only two possible outcomes of the measurement of the atoms in the cavities labeled C 1 and C 2 in Fig. 2 dependent on whether n is even or odd. In the even case, the two atoms can only be in | + + or | − − and in the odd case | − + or | + − . To handle the odd and even case at the same time we denote | + + , | − + as |B + and | − − , | + − as |B − . A measurement of |B + indicates an even number of photons in theb-beam, resp., |B − an odd number of photons in theb-beam.
We start with the state |n |0 =
n |0 |0 as input. After the beam splitter BS 1 , the state has changed
n |0 |0 and interacts with the two atoms in the cavities C 1 and C 2 . By measuring the atoms in the |± basis, the state is projected into the subspace of an even or odd number of photons in theb path. The photon state after the measurement can be written as 
. Now due to the phase shifters the two modes pick up a relative phase of 2φ 1 n so that the state is given by
Finally, after BS 3 we have the state
which is equal to
|0 . This can also be rewritten as (e iφ1n ± e −iφ1n )/2|b + + (e iφ1n ∓ e −iφ1n )/2|b − . So the result of measuring the state of the atoms in cavities C 3 and C 4 will be |B ± with probability p + = cos(φ 1 n) 2 and |B ∓ with probability p − = sin(φ 1 n)
2 . Since the state is again projected into one of the two states |b ± we can repeat exactly the same calculations for all following steps.
Whereas the first measurement result was completely random, all following measurement results depend on n and the previous measurement outcome, i.e., with probability p i = cos(φ i n)
2 the (i + 1)-th measurement result is the same as the i-th result, and with probability sin(φ i n) 2 the measurement result changes and the state changes from |b ± to |b ∓ . If the number of units is infinite (or sufficiently large) and we have chosen all phases equal as φ, then we can guess from the relative frequency with which the measurement result has switched between |B + and |B − the number of photons with arbitrary precision for all photon numbers n < π φ . n ≈ arccos( √ f )/φ, where f = N same /(N same + N different ) and N same (N different ) is the number of cases, where the measurement outcome is the same (not the same) as the previous measurement outcome.
Measuring this relative frequency with a fixed small phase is not the optimal way to get the photon number. We propose instead the following. Let us use a setup with a total of N + 1 units and choose the phases to be φ i = 2 i−1 π/n 0 , i = 1, 2, . . . , N , for an arbitrarily chosen value of n 0 ∈ N and let us calculate the probability p(n) that the measurement results are all the same,
This probability is equal to one for all photon numbers that are a multiple of n 0 and goes to zero otherwise in the limit of infinitely many units of the setup. This way we can measure whether the photon number is a multiple of n 0 . For example, for n 0 = 3 and N + 1 = 3 we detect any state which is not a multiple of three with a probability of at least q = 93.75%, resp., q = 99.61% for N + 1 = 5, 
p(n).
For n 0 = 4, already N + 1 = 3 is sufficient to achieve q = 100%. For n 0 = 5 and N + 1 = 3 we have q = 93.75%, which increases to q = 99.61% for N + 1 = 5. In Fig. 4 and 5 we have shown p(n) for n 0 = 20 and n 0 = 100. The number N needed to get a good result typically scales logarithmical with n 0 , e.g. for n 0 = 1000 already N + 1 = 11 is enough to reach q = 99.95%.
Given an unknown state we can test all possible prime factors and powers of primes to identify the exact photon number. If, e.g., we have a state consisting of 0 to 10 photons the following factors have to be tested n 0 = 2, 3, 4, 5, 7, 8, 9 (where 2 does not need to be checked separately). 24 measurement results are sufficient to test all factors with a probability over 99%.
If we require reliable photon number counting for n ranging from 0 to n max , for large n max , all primes and power of primes that are smaller than n max need to be tested. This number can be bounded from above by n max . All n max tests are required to work with high probability. To this end each single test needs to succeed with a probability better than q ≥ 1 − 1/n max . It can be checked numerically that this is the case if N = 2 log(n max ), leading to a photon counting device with reliable photon detection up to n max using an array consisting of less than 2n max log(n max ) basic units.
Note that this setup does not destroy the photonic input state but changes |n |0 randomly into
[|n |0 ± |0 |n ], i.e., the photons leave the setup in a superposition of all photons taking either theâ-beam or theb-beam. This can not be changed back into |n |0 by means of passive optical elements. The output state -a so-called N 00N state -is, however, a very valuable resource for applications in quantum information protocols and quantum metrology [73] .
B. Non-destructive number resolving detection scheme
For a non-demolition version of the photon number measurement we use the basic building block depicted in Fig. 6 . The atoms in the two upper cavities are initially prepared in an entangled state |φ + = (|↑↑ + |↓↓ )/ √ 2, and the atoms in the lower cavities are also prepared in the state |φ + . This can, for instance, be achieved via the parity measurement scheme suggested in [68] . During the interaction the upper and the lower atoms will stay in the subspace spanned by |φ ± = (|↑↑ ±|↓↓ )/ √ 2. The state changes between |φ + and |φ − each time one of the two entangled cavities interacts with an odd number of photons. As in the previous subsection we define |B ± to handle the even and the odd case at the same time. For n even, |B + = |φ + |φ + and |B − = |φ − |φ − , while in the odd case we define |B + = |φ − |φ + and |B − = |φ + |φ − .
Using the same notation as before, the state is transformed as follows, when we go through the setup from left to right. The initial state is
and after the first beam splitter we have the state
The interaction with the first two cavities leads to the 
The second beam splitter transforms the state into
The two modes pick up a relative phase shift of 2φ i n at the phase shifters so that
After the third beam splitter we get
Note now that independent of whether n is even or odd, the interaction with the last two cavities turns the states |b ± |B ± into |b ± |φ + |φ + and the states |b ± |B ∓ into |b ± |φ − |φ − . The state is thus changed to
and after the last beam splitter we have
Note that the photonic modes are now decoupled from the state of the atoms. The photons will continue after the final beam splitter unchanged in |n |0 while the atoms still contain some information about the photon number.
Note that |φ + = (| + + + | − − )/ √ 2 and
By measuring all atoms in the |± basis we can easily distinguish between |φ ± by the parity of the measurements. The probability to obtain |φ + |φ + is cos(φn) 2 , and the probability to get |φ − |φ − is sin(φn) 2 . After the measurement, all photons are found in theâ beam for both outcomes. The probability for measuring |φ + |φ + is the same as the changing probability in the previous setup such that we can do the same with a chain of the demolition free block. If we prefer also to get the parity information in each step, we can add an additional cavity at the end of each block as shown in Fig. 6 .
More generally, the demolition free element leaves photonic input states |ψ =
, where n photons enter through the lower and q photons enter through the upper port, unchanged. A calculation analogous to the previous one shows that one obtains the atomic states |φ + |φ + and |φ − |φ − with probabilities cos(φ i (n−q)) 2 and sin(φ i (n−q)) 2 respectively. This way, we can test for photon number differences n − q in two input states in the same fashion as for photon numbers in a single input beam described above. Similarly, one can project two coherent input states |α |α onto generalized photon-number correlated states n c n |n |n − d with fixed photon number difference d = 0, 1, 2....
In a realistic scenario we may be faced with photon losses. Both setups have a built-in possibility to detect loss of one photon. In the first case we get the parity of the total number of photons in every single measurement of a pair of atoms. If this parity changes at some place in the chain then we know that we lost at least one photon. In the demolition free setup the valid measurement results are restricted to |φ + |φ + and |φ − |φ − . If we measure |φ − |φ + or |φ + |φ − we know that we lost a photon in between the two pairs of cavities. In addition, the optional cavity at the end of each block provides an extra check for photon loss. Projecting the input state |ψin = |α |α onto the subspace S followed by a fractional loss R in both modes and a second projection onto S, the figure shows the fidelity between the states obtained after the first and the second projection onto S, the probability that the second projection is successful given that the first is successful, and the purity of the state after the second projection for two different values of |α| 2 .
V. FILTERING OUT LOSSES
We next investigate the possibility to use a comparison of the number of photons in the two modes to detect a loss. As in Sec. III, we start with the input state |ψ in = |α |α and use the proposed setup to project it onto the subspace S. We then use two beam splitters with reflectivity R to model a fractional loss in both modes. After tracing out the reflected field, we finally use the proposed setup once more to project the state onto S. In Fig. 7 , we plot the fidelity between the state obtained after the first projection onto S and the state obtained after the second projection onto S, the probability that the second projection is successful given that the first is successful, and the purity of the state after the second projection. The second projection is seen to recover the state obtained after the first projection with a fidelity close to unity even for losses of a few percent. This is the case because a loss of only one photon will always lead to a failure of the second conditional projection. The main contribution to the fidelity decrease for small R is thus a simultaneous loss of one photon from both modes. It is also interesting to note that the final state is actually pure for all values of R, which is a consequence of the particular choice of input state. Finally, we note that a single unit is sufficient to detect loss of a single photon, and for small R we thus only need to use one unit for the second projection in practice.
Let us also consider a four mode input state |ψ in = |α |α |α |α . As before we use the setup to project this state onto the subspace spanned by the state vectors Projecting the input state |ψin = |α |α |α |α onto the subspace spanned by the vectors |n |n |n |n , n = 0, 1, 2, . . ., followed by a fractional loss R in all four modes and a projection of modes 1 and 2 onto S and of modes 3 and 4 onto S, the figure shows the fidelity between the states obtained after the first and the second set of projections, the probability that the projections onto S are successful given that the first projection is successful, and the purity of the state after the projections onto S for two different values of |α| 2 .
|n |n |n |n , n = 0, 1, 2, . . .. We then imagine a fractional loss of R to take place in all modes. If two of the modes are on their way to Alice and the two other modes are on their way to Bob, we can only try to recover the original projection by projecting the former two modes onto S and the latter two modes onto S. The results are shown in Fig. 8 , and again the curves showing the fidelity and the purity are seen to be very flat and close to unity for small losses. This scheme allows one to distribute entanglement with high fidelity, but reduced success probability.
VI. DEVIATIONS FROM IDEAL BEHAVIOR
So far we have considered the ideal limit of infinitely long pulses and an infinitely strong coupling. In this section, we use a more detailed model of the interaction of the light field with an atom in a cavity to investigate how long the input pulses need to be and how large the single atom cooperativity parameter should be to approximately achieve this limit.
A. Optimal input mode function
The backreflection of light in a cavity leads to a state dependent distortion of the shape of the mode function of the input field, and to study this effect in more detail we concentrate on a single cavity as shown in Fig. 1 in the following. For simplicity, we assume the input field to be a continuous coherent state [74] 
2 dt is the expectation value of the total number of photons in the input beam. The light-atom interaction is governed by the Hamiltonian
and the decay term
where g is the light-atom coupling strength,ĉ is the annihilation operator of the cavity field, Γ is the decay rate of the excited state of the atom due to spontaneous emission, and ρ is the density operator representing the state of the atom and the cavity field. For
where Tr denotes the trace, the population in the excited state of the atom is very small, and we may eliminate this state adiabatically. This reduces the effective light-atom interaction dynamics to a single decay term
i.e., the atom is equivalent to a beam splitter which reflects photons out of the cavity at the rate 4g 2 /Γ if the atom is in the state |↑ and does not affect the light field if the atom is in the state |↓ .
Assume the atom to be in the state |j , j ∈ {↓, ↑}. Since the input mirror of the cavity may be regarded as a beam splitter with high reflectivity, all components of the setup transform field operators linearly. For a coherent state input field, the cavity field and the output field are hence also coherent states. We may divide the time axis into small segments of width τ and approximate the integrals in (12) by sums. The input state is then a direct product of single mode coherent states with amplitudes α in (t k ) √ τ and annihilation operatorsâ(t k ) √ τ , where t k = kτ , k = 0, ±1, ±2, . . .. In the following, we choose τ to be equal to the round trip time of light in the cavity, which requires α in (t) to vary slowly on that time scale. Denoting the coherent state amplitude of the cavity field at time t by γ j (t), we use the beam splitter transformation out = t c −r c r c t c in (16) for the input mirror of the cavity to derive
where
c is the reflectivity of the input mirror of the cavity, t 2 j is the transmissivity of the beam splitter, which models the loss due spontaneous emission, i.e., t 2 j = 1 − 4g 2 τ δ j↑ /Γ, and α (j) out (t) denotes the output field from the cavity. We have here included an additional phase shift of π per round trip in the cavity to ensure the input field to be on resonance with the cavity, i.e., the second element of the input vector in (16) is −t j γ(t − τ ). Taking the limit τ → 0 and t 2 c → 0 for fixed cavity decay rate κ := t 2 c /τ , (17) and (18) reduce to
where C := 2g 2 /(κΓ) is the single atom cooperativity parameter. According to the steady state solution of (19) 
we need C ≫ 1 to efficiently expel the light field from the cavity for j = ↑. We should also remember the criterion for the validity of the adiabatic elimination, which by use of (21) takes the form
i.e., for C ≫ 1 the average flux of photons in the input beam should not significantly exceed the average number of photons emitted spontaneously per unit time from an atom, which has an average probability of one half to be in the excited state. Solving (19) ,
we obtain the output field α
(24) Note that f out (t) = −f in (t), and we would thus like the norm of
to be as small as possible. For j = ↑ and C ≫ 1, the exponential function in (24) is practically zero unless κ(t − t ′ ) ≪ 1, and as long as f in (t) changes slowly on the time scale (Cκ) −1 , we may take f in (t) outside the integral to obtain f (↑) out (t) = (1 − 2/(1 + 2C))f in (t) and E ↑ = 2/(1 + 2C) ≈ C −1 . As this result is independent of f in (t), a natural criterion for the optimal choice of input mode function is to minimize
We also restrict f in (t) to be zero everywhere outside the time interval [−T /2, T /2]. Since we would like the double integral to be as close to 2 as possible, we should choose f * in (t) = f in (t). A variational calculation then provides the optimal solution
and ω 0 T ∈ [0, π[. This solution gives
For fixed κ, ω 0 is a decreasing function of T , and for κT ≫ 2π, ω 0 ≈ π/T and E ↓ ≈ 8π 2 /(κT ) 2 . Distortion of the input mode function can thus be avoided by choosing a sufficiently long input pulse. This may be understood by considering the Fourier transform of the input mode function. For a very short pulse the frequency distribution is very broad and only a small part of the field is actually on resonance with the cavity, i.e., most of the field is reflected without entering into the cavity. For a very long pulse, on the other hand, the frequency distribution is very narrow and centered at the resonance frequency of the cavity. E j is plotted in Fig. 9 as a function of T both for the optimal input mode function and an input mode function, which is constant in the interval [−T /2, T /2]. The optimal input mode function is seen to provide a significant improvement. In fact, for the constant input mode function E ↓ = 4[1 − exp(−κT /2)]/(κT ), and hence E ↓ scales only as (κT ) −1 for large κT . Finally, we note that τ = t 2 c /κ < κ −1 , and κT ≫ 1 thus also ensures τ /T ≪ 1, which justifies the approximation in Eqs. 19 and 20.
B. Single atom cooperativity parameter
We would like to determine how a single unit of the setup transforms the state of the field, when we use the full multi-mode description. For this purpose it is simpler out (t) is defined such that the norm is less than unity if a loss occurs during the interaction. The single atom cooperativity parameter is assumed to be C = 10 3 . Solid lines are for the optimal input mode function given in (27) , and dashed lines are for an input mode function, which is constant in the interval t ∈ [−T /2, T /2] and zero otherwise. The inset illustrates these functions for κT = 300. For j =↑, the shape of the output mode function is almost the same as the shape of the input mode function as long as κT ≫ C −1 , but the norm is slightly decreased due to spontaneous emission from the atom such that E ↑ ≈ C −1 . This result is independent of the actual shape of the input mode function, and the solid and dashed lines for E ↑ are hence indistinguishable in the figure. The results for E ↓ are independent of C, because the light field does not interact with the atom in this case. Nonzero values of E ↓ only occur due to distortion of the shape of the mode function. For κT ≫ 1,
for the optimal input mode function and E ↓ ≈ 4/(κT ) for the constant mode function.
to work in frequency space, and we thus use the definition of the Fourier transform f (ω) = f (t) exp(−iωt)dt/ √ 2π on Eqs. (23) and (24) to obtain
where K j (ω) := − (1 − 2Cδ j↑ )κ/2 − iω (1 + 2Cδ j↑ )κ/2 + iω .
|α in,n (ω) α in,m (ω)| ⊗ |i p| is thus transformed into d ip [α in,n (ω), α in,m (ω)]|K i (ω)α in,n (ω) K p (ω)α in,m (ω)| ⊗ |i p|. Projecting both atoms onto (|↑ + |↓ )/2 and taking the final 50:50 beam splitter into account, we obtain the output state after one unit 
where we have written K i = K i (ω) for brevity. A subsequent phase shifter is easily taken into account by multiplying the coherent state amplitudes by the appropriate phase factors. We note that the result has the same form as the input state (34) if we collect n, i, and j into one index and m, p, and q into another index. We can thus apply the transformation repeatedly to obtain the output state after N + 1 units of the setup. If we assume α n (ω) and β m (ω) to have the same shape for all n and m, the output field simplifies to a two-mode state for κT ≫ 1 as expected. This may be seen as follows. When T is much larger than κ −1 , the width of the distribution α n (ω) in frequency space is much smaller than κ. For the relevant frequencies we thus have ω ≪ κ/2, and in this case the right hand side of (33) reduces to −(1 − 2Cδ j↑ )/(1 + 2Cδ j↑ ), i.e., K j is independent of frequency, and the amplitudes of all the continuous coherent states of the output density operator are proportional to α n (ω).
In Fig. 10 , we have used (39) in the limit κT ≫ 1 to compute the fidelity (6) as a function of the single atom cooperativity parameter for ρ in = |α α| ⊗ |α α|.
The ideal values for C → ∞ are also shown, and the deviations are seen to be very small for C larger than about 10
3 . Current experiments have demonstrated single atom cooperativity parameters on the order of 10 2 [1] [2] [3] , and high fidelities can also be achieved for this value. When C is finite, there is a relative photon loss of 1 − |f (↑) out (t)| 2 dt ≈ 2/C due to spontaneous emission each time the field interacts with a cavity containing an atom in the state |↑ . We note, however, that the setup is partially robust against such losses because the next unit of the setup removes all components of the state for which a single photon has been lost.
VII. CONCLUSION
The setup put forward and studied in this article acts in many respects like a photon number filter and has several attractive applications for quantum technologies. Based on the ability to distinguish even and odd photon numbers using the interaction of the light field with a high finesse optical cavity, photonic two mode input states can be projected onto photon-number correlated states. Naturally, this protocol is very well suited to detect losses and can in particular be adapted to purify photon-number entangled states in quantum communication. We studied deviations from ideal behavior such as finite length of the input pulses and limited coupling to estimate for which parameters the idealized description is valid. The setup can be modified such that it is capable to perform a quantum-non-demolition measurement of photon numbers in the optical regime. The non-destructive photon counting device completes the versatile toolbox provided by the proposed scheme.
